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We derive a set of sum rules for the light-by-light scattering and fusion: 77 — > all, and verify 
them in lowest order QED calculations. A prominent implication of these sum rules is the supercon- 
vergence of the helicity-difference total cross-section for photon fusion, which in the hadron sector 
reveals an intricate cancellation between the pseudoscalar and tensor mesons. An experimental 
verification of superconvergence of the polarized photon fusion into hadrons is called for, but will 
only be possible at e + e~ and 77 colliders with both beams polarized. We also show how the sum 
rules can be used to measure various contributions to the low-energy light-by-light scattering. 
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Light-by-light scattering is a well-known phenomenon 
of purely quantum origin [1, 2], which has been observed 
(albeit indirectly) at nearly all high-energy colliders, see 
[3-5] for reviews. The inclusive unpolarized cross-section 
for the photon fusion (77 — > all) is fairly well measured 
for energies between 1 and 200 GeV [7], but not much is 
known about the polarized cross-sections, 

Aa(uj 2 ) ee a 2 (u> 2 ) - a (uj 2 ), (la) 
t(uj 2 ) ee a,, (u; 2 ) -<J±(u; 2 ), (lb) 

where the subscripts indicate the photon polarizations 
(0 or 2 show the total helicity of the circularly polarized 
photons, while 1 1 or _L show if the linear photon polar- 
izations are parallel or perpendicular); uj is the photon 
energy in collider kinematics. To access these observ- 
ables at high-luminosity colliders, the beams need to be 
polarized which has not been realized so far. 

In this Letter we derive sum rules which relate integrals 
of the total polarized and unpolarized cross sections to 
the low-energy structure of light-by-light scattering. The 
sum rule for the helicity-difference cross section is partic- 
ularly simple: 
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This sum rule can be inferred [8, 9] from the Gerasimov- 
Drell-Hearn (GDH) sum rule [10] applied to the 77 pro- 
cess. The other two sum rules to be presented here deter- 
mine the low-energy constants of the Euler-Heisenberg 
Lagrangian in terms of the integrals over the linearly- 
polarized cross-section of photon fusion. Contrary to the 
sum rule (2), those two sum rules cannot entirely be in- 
ferred from the Compton-scattering sum rules. 

Nevertheless, the general strategy of the derivation 
is, of course, the same. As in the GDH case, we only 
need the general assumptions about analyticity, crossing- 
symmetry, unitarity, and the low-energy limit of the for- 
ward elastic-scattering amplitude. The only difference is 
that instead of scattering the photon on a massive target 



(Compton scattering), we consider the elastic light-by- 
light scattering (77 —» 77). Denoting the corresponding 
Feynman and helicity amplitudes as, respectively, Ai and 
M, their relation is 



x M 



(3) 



where e(q) are the photon polarization 4-vectors, A's 
are the helicities; for real photons traveling along the 
z axis, i.e. q = (0,0, uj), the polarization vectors are 
e x (±q) = 2-V a (0, T-A, -i, 0). The Mandelstam variables 
are defined as s — (qi + q 2 ) 2 = 4w 2 , t = (gi — qz) 2 , 
u = (qi — q^) 2 , with qi the photon 4-momenta. 

In the forward kinematics, where 53 = qi, = q 2 , and 
hence t — 0, u — — s, the general Lorentz structure of the 
Feynman amplitude is given by: 
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where g M „ is the Minkowski metric. Crossing symmetry 
(under 1 o 3, or 2 f> 4) means in this case 



M 



M1M2M3M4 



A(u) 
C(u) 



B(u) 9p.4.m9nim 



(5) 



hence A(— s) = A(s), B(—s) = C(s). As a result there 
are three independent nonvanishing helicity amplitudes: 



M ++++ (s) = A(s) + C(s), 
M+_+_(s) = A(s)+B(s), 
M ++ —(s) = B( s ) + C(s), 



(6) 
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satisfying the following crossing relations: M4 
M ++++ (-s), and M++__(s) = M++—(-s). 

We next turn to the causality constraint, which im- 
plies that the above functions are analytic functions of s 
everywhere in the complex s plane except along the real 
axis. For the amplitudes, 



fW(s) = M ++++ ( S )±M + _ + _(s), 
g(s) = M ++ __(s), 



(7a) 
(7b) 
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the analyticity infers dispersion relations: 
Re 
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where f indicates the principal- value integration. These 
relations hold as long as the integral converges, and oth- 
erwise subtractions are needed. Because f^(—s) = 
i / ( s ) an d g(— s ) = g(s), we can express the right- 
hand side as an integral over positive s only: 
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In the physical region (s > 0), the optical theorem re- 
lates the imaginary part of these amplitudes to the total 
absorption cross-sections with definite polarization of the 
initial 77 state: 

Im/W( S ) = - S -[a ( S )±a 2 (s)}, (10a) 
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Substituting these expressions in the above dispersion 
relations we obtain: 
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where ct = (<7o + 02)/2 = (cm + <tj_)/2 is the unpolarized 
total cross section. 

We next recall that gauge invariance and discrete sym- 
metries constrain the low-energy photon-photon interac- 
tion to the Euler-Heisenberg form [1], given by the fol- 
lowing Lagrangian density: 



-EH 



(12) 



where F M „ = d^A u - d v A^ F» v = e^d a A e . Evi- 
dently, the low-energy expansion of the above amplitudes 
begins with w 4 . Expanding the left-hand side and right- 
hand side of Eq. (11) in powers of s and matching them 
at each order yields a number of sum rules. At 0th order 
in s we would find 



= j ds CT||(s) ± a x (s) 



(13) 



FIG. 1: Pair production in scalar QED. 



FIG. 2: e+e" production in QED. 



which cannot work for "+" since the unpolarized cross- 
section is a positive-definite quantity. Empirically a 
shows a slowly rising behavior at large s and the integral 
diverges. The assumption of an unsubtracted dispersion 
relation is violated in this case. For the "— " case the sum 
rule is broken too, cf. [11] and references therein. 
At the first and second orders we find, respectively: 



Acr(s) 



, 1 [ A (J \\( s ) ±(J -i-( s ) 

a ± c 2 = — / ds ■ 



(14a) 
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The first of these sum rules is just the superconver- 
gence relation (2). Although Act is not known exper- 
imentally, we can test it in (field) theory. In scalar 
QED, for example, to leading order in the fine-structure 
constant a, the production of a scalar- antiscalar pair 
(77 — > S + S~) is described by the Feynman graphs in 
Fig. 1, which give rise to the following helicity-difference 
cross-section: 



A ( r( s+ ^)( S ) = ^0(,s-4m 2 ) 



(15) 
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where m is the mass of the scalar. It is easy to see 
that this expression verifies Eq. (14a). A similar check 
in spinor electrodynamics works out as well. We shall 
demonstrate it for the case of virtual photons. 

The arguments used above in deriving the sum rules of 
Eq. (11) will equally hold for space-like virtual photons 
(qf < 0, q\ < 0), if written in a variable which reflects 
under crossing, e.g. v = s — qf — q\. 

When one of the photons virtuality is large, entering 
the deep inelastic scattering (DIS) regime, this sum rule 
converts to a sum rule for the photon structure function 
gj, cf. [12]. 

Let us now consider how the superconvergent sum rule 
(14a) works in QED in the case of one space-like virtual 
photon (q 2 < 0) . At leading order in a only the tree-level 
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fermion-pair production (7*7 — > //) contributes to Act, 
see Fig. 2. The expressions for the corresponding helicity 
difference cross-section exists in the literature 1 [3] : 



A(J (7*7->//)( S;9 2 ;0 ) = 
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In Fig. 3 we plot this cross section as a function of energy, 
for three different values of q 2 . One sees that in all cases 
the low- and high-energy contributions cancel. The result 



, A^^/)( S ,g 2 ,0) 
as 5 = 

s — q A 



(17) 



is easily verified for any q 2 < 4m 2 . 

While the role of this sum rule in QED becomes fairly 
clear in these perturbative calculations, in quantum chro- 
modynamics (QCD), in its non-perturbative regime, it is 
far less obvious. We can gain some insight by looking 
at individual contributions to the 77 — ► hadrons cross- 
sections. 

The high-energy behavior of Act is determined by a 
i-channel exchange of unnatural parity and is expected 
from Regge theory - in the absence of fixed pole singu- 
larities - to drop as 1/s or faster [6]. We therefore expect 
the sum rule (14a) to converge. The dominant features 
of the 77 to multihadron production comes firstly from 
the Born terms in the 7r + 7r~ (or K + K~) channels. These 
contributions are given by Eq. (15) and hence each sep- 
arately obeys the sum rule. The largest contributions in 
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FIG. 3: Helicity-difference cross section of 7*7 — >• // in QED 
at leading order, for different photon virtualities. 



1 We only reinstall a missing overall factor of 2. Note also that in 
the notation of [3], Act = — Ty T . 



the hadronic sector are thus expected to come from the 
resonance production: 77 — ► M, with M being a meson. 
It is highly nontrivial to see how the sum rule is saturated 
in this case. 

As two real photons do not couple to a J p = 1~ 
or 1 + state due to the Landau- Yang theorem, one ex- 
pects the dominant contribution to come from scalar, 
pscudoscalar, and tensor mesons. One can express the 
77 — > M cross section for a meson with spin J, mass ttim, 
and total width Ttot, using a Brcit-Wigner parametriza- 
tion, in terms of the decay width T^y of the meson into 
two photons of total helicity A = 0, 2, as 



7'7— > Ms \ 
> A - 
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where the last line is obtained in the narrow resonance 
approximation. For the pseudoscalar mesons, which can 
only contribute to the helicity- zero cross section, the nar- 
row resonance approximation is very accurate and al- 
lows to quantify their contribution as shown in Table I. 
For the pion, this value is entirely driven by the chiral 
anomaly, which allows the expression of the ir° contribu- 
tion to the sum rule as -a 2 /(47r/ 2 ), with f n = 92.4 MeV 
the pion decay constant. 

To compensate the large negative contribution to the 
sum rule from pseudoscalar mesons, one needs to have 
an equivalent strength in the helicity-two cross section, 
02. The dominant feature of the helicity-two cross sec- 
tion in the resonance region arises from the multiplet of 
tensor mesons / 2 (1270), a 2 (1320), and /a (1525). Mea- 
surements at various e + e~ colliders, notably recent high 
statistics measurements by the BELLE Collaboration of 
the 77 cross sections to 7r + 7r~ [13], 7r°7r° [14], rjir [15], 
and K + K~ [16] channels have allowed accurate confir- 
mation of their parameters. As these tensor mesons were 
also found to be relatively well described by Breit-Wigner 
resonances, we use Eq. (18) to provide a first estimate 
of their contribution to the sum rule. We show the re- 
sults in Table II, both in the narrow width approximation 
and using a Breit-Wigner shape, assuming that the ten- 
sor mesons pre-dominantly contribute to 02, as is found 
by the experimental analyses of decay angular distribu- 
tions [13-16]. 

By comparing Tables I and II, we notice that the con- 
tribution to the sum rule of the lowest isovector tensor 
meson composed of light quarks, 02 (1320), compensates 
to around 70 % the contribution of the ir° , which is en- 
tirely governed by the chiral anomaly. For the isoscalar 
states composed of light quarks, the cancellation is even 
more remarkable, as the sum of /2(1270) and / 2 (1525) 
cancels entirely, within the experimental accuracy, the 
combined contribution of the r\ and rf . 

Besides the tensor mesons, the subdominant resonance 
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mm 


r 77 


f ds Aa/s 




[MeV] 


[kcV] 


[nb] 


77° 


134.98 


(7.8 ±0.6) x 1CT 3 


-195.0 ± 15.0 


V 


547.85 


0.51 ±0.03 


-190.7 ± 11.2 


I 

V 


957.66 


4.30 ±0.15 


-301.0 ± 10.5 


Sum ij, rj 






-492 ± 22 



TABLE I: Sum rule contribution of the lowest pseudoscalar 
mesons (last column). The experimental values of meson 
masses tum and 27 decay widths T 77 are from Ref. [7]. 





m M 


r 

1 77 


/ ds Aa/s 


/ ds Aa/s 








narrow res. 


Breit-Wigner 




[MeV] 


[keV] 


[nb] 


[nb] 


a 2 (1320) 


1318.3 


1.00 ±0.06 


134 ±8 


137 ±8 


/ 2 (1270) 


1275.1 


3.03 ±0.35 


448 ± 52 


479 ± 56 


/£(1525) 


1525 


0.081 ±0.009 


7± 1 


7± 1 


Sum f 2 , f' 2 






455 ± 53 


486 ± 57 



TABLE II: Sum rule contribution of the lowest tensor mesons. 
We show both results in the narrow resonance approximation 
(4th column) and using a Breit-Wigner parametrization (last 
column). The experimental values of meson masses tum and 
27 decay widths L 77 are from Ref. [7] . 



contributions to the 77 total cross section arise from the 
scalar mesons /o/<r(600), /o(980), and a (980). A re- 
liable estimate of the scalar mesons requires an ampli- 
tude analysis of the partial channels, see e.g. [17]. A fu- 
ture study will estimate more precisely the scalar meson 
helicity-zero contribution to the sum rule, and elaborate 
on the cancellation between the tensor mesons and the 
(pseudo) scalar meson contributions in the sum rule of 
Eq. (14a). Interestingly, when going to the charm sector, 
the sum rule also implies a cancellation between the r\ c 
meson, whose contributions amounts to about —15.5 nb, 
and scalar and tensor cc states. 

We emphasize that our above analysis relies on a sepa- 
ration of the helicity-0 and helicity-2 cross sections using 
angular distributions of the decay products. To measure 
these cross-sections and thus verify the sum rule directly, 
one needs polarized-beam colliders. 

We conclude with a look at the new sum rules, ex- 
pressed by Eq. (14b). These sum rules completely 
determine the constants c\ and C2, characterizing the 
low-energy photon self-interaction, in terms of linearly- 
polarized fusion cross-sections. The sum rule for c\ ± c 2 
can be viewed as the analog of the Baldin sum rule for 
the sum of electric and magnetic polarizabilities [18]. The 
sum rule for c\ — c 2 is unique to the 77 system. 

To verify these sum rules in QED we recall that to 



leading order all the ingredients are well known: ci = 
1 /$oa 2 m~ A , C2 = 7 /360 a 2 m~ 4: , while the linearly polar- 
ized cross-sections can be found in the Appendix of [3]. 
At the same time, these sum rules can be used to measure 
ci and C2 through polarized 77 fusion experiments. 

In summary, we have presented a set of sum rules 
involving polarized total inclusive cross-sections of pho- 
ton fusion and verified them in leading-order QED. One 
of them is the known supcrconvergence relation for the 
hclicity-difference cross-section. When applied to hadron 
channels, it reveals an intricate cancellation between the 
pseudoscalar- and tensor-meson contributions. Two fur- 
ther sum rules determine the low-energy photon self- 
coupling in terms of the integrals of linearly-polarized 
cross-sections for photon fusion. 

We thank Achim Denig and Miriam Fritsch for helpful 
discussions of the experimental situation. 
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